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We study an optical model including both non-reciprocal couplings and third-order nonlinearity. We find that such a model can
generate chaotic states, with various characteristics such as intermittent chaos and asymmetric chaotic patterns. Moreover, after
considering our model in an experimentally-feasible platform of coherent Raman scattering, the nonlinear coefficient becomes
frequency-dependent, which can lead to unique consequences, including asymmetric localization of covariant Lyapunov vectors
and the transition between low-dimensional chaos and spatiotemporal chaos. The generated chaotic frequency sidebands are
featured by a broad frequency spectrum and notable asymmetry, offering significant opportunity for advancing quantum chaos
theory and finding potential applications in light detection and ranging as well as Raman spectroscopy.
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1 Introduction

Chaos, the phenomenon ubiquitous to nonlinear physics, ob-
served by Poincare in 1905 and later explored by Lorenz
equations [1], has been broadly observed in many-body
problems [2-6], fluid dynamics [7-10], and optical effects
[11-14]. The fascinating scientific aspect of studying chaos
is due to its counterintuition that deterministic equations
can be unpredictable [15]. In other words, a small devi-
ation in initial conditions can be exponentially increasing,
so the prediction of the precise dynamics of chaos at long
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time is difficult [15]. Great attentions have been applied in
understanding the transition from ordered states to chaotic
states [16, 17] and identifying underlying patterns within ap-
parent randomness [18]. In optics, the analogy between the
Maxwell-Bloch equations for light and the Lorenz equations
has been noted for a long time [1, 11], and the correspond-
ing optical chaos has then been extensively explored [19-23].
In particular, the nonlinear Schrödinger equation (NLSE) for
the field q(x, t):

iqt + dqxx + Q|q|2q = 0, (1)

where the dispersion parameter d and the nonlinear parame-
ter Q are constants, underpins key chaotic phenomena found
in optics, including rogue waves [24], chaotic localized state
[25], and chaotic microcombs [26, 27].
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As the NLSE is a conservative equation, to generate
chaotic states, one needs to add necessary perturbations into
it [28]. For instance, the Lugiato-Lefever equation (LLE)
[29], a damped and driven version of the NLSE, a damped
and driven version of the NLSE but is open and exchanges
energy with environment, has been extensively studied in
the context of optical chaos, where perturbation is provided
by the driving field and loss [30-34]. The intrinsic unpre-
dictability and extreme sensitivity to perturbations in chaotic
states may provide important applications in radar for high-
resolution ranging [35, 36], secure communications [37-39],
random number generation [40-44], and optical computing
[45, 46]. However, while the resulting chaotic phenomena
may appear asymmetric due to perturbations, the underlying
mathematical framework of NLSE-based systems for chaos
generation fundamentally preserves macroscopic inversion
symmetry. This inherent symmetry imposes a limitation on
the diversity of solutions [47].

This work tackles the problem of an NLSE-based system
with the inversion symmetry breaking and shows the occur-
rence of chaotic states without additional perturbations. The
non-reciprocal coupling, which has recently brought numer-
ous important phenomena in optical systems [48-51], is used
to break the inversion symmetry of the model. The non-
reciprocal coupling also transforms the conservative NLSE
into a non-Hermitian equation, which exchanges energy with
the environment, such that the transition from periodic dy-
namics into a chaotic state is expected. We further confirm
the chaos in the field evolution by the calculated positive
maximal Lyapunov exponents (LEs). Moreover, by increas-
ing the nonlinear strength, the field in the system experiences
the transition from the periodic behavior to chaotic dynam-
ics, through the intermittency route [15]. The chaotic nature
of the irregular bursts is verified by the calculated positive
local LEs [52]. Our model may be immediately feasible in
experiments of coherent Raman scattering (CRS) processes
[53-56]. The additional frequency-dependent nonlinear term
in CRS can further lead to asymmetric localization of the co-
variant Lyapunov vectors of the positive LEs, and transit the
system from low-dimensional chaos [57] to spatiotemporal
chaos, where the frequency comb lines are orthogonal [27].
With all of the results, we demonstrate a novel way for gen-
erating chaotic states based on NLSE, which could be offered
as a new candidate in the aforementioned and future applica-
tions and enrich the study of chaos theory.

2 Model and results

We begin by considering the periodic condition of x (x =
x + 2π/Ω) in eq. (1), which is a typical model in an op-

tical ring platform [58], and Fourier-transforming eq. (1)
from x to n. Here q is discretized into discrete compo-
nents qn =

∫ π
−π q(x, t)exp [−i(n − nc)x] dx/2π with an oscil-

lating frequency ωn = nΩ. The integer n refers to a cen-
tral index nc and frequency spacing Ω between two nearby
components. By taking dimensionless parameters: En ≡√

2πqn/
√∫ π
−π |q(x, t = 0)|2dx, τ ≡ Ωt, d2 ≡ −d/Ω, and

g ≡ Q
∫ π
−π |q(x, t = 0)|2dx/2πΩ, we re-write NLSE in the

frequency domain:

−i
∂En

∂τ
=d2(n − nc)2En + Jn(En+1 + En−1)

+ g
∑
m,p

E∗mEpEm+n−p, (2)

where d2 is positive (negative) for normal (anomalous) dis-
persion. Jn is the coupling strength between nearby com-
ponents. When Jn = 0, eq. (2) is identical to eq. (1) after
the Fourier transformation. Nevertheless, the inclusion of the
term with Jn brings the energy hopping between nearby com-
ponents of En. We can further assume Jn ∝ n here to intro-
duce the non-reciprocal couplings, where the energy hopping
along the path from the n-th component to the (n+1)-th com-
ponent is different from that of the reverse path, as shown in
Figure 1(a), breaking the inversion symmetry in the NLSE.
The last term in eq. (2) is referred to as four-wave mixing
(FWM), as shown in Figure 1(b). In the following, we ana-
lyze the effect of the term with Jn and then discuss the poten-
tial realization of eq. (2) in a realistic experimental platform.

Here we first show that eq. (2) can support the transition
from periodic evolution to chaotic dynamics. In our numer-
ical simulations, eq. (2) is solved with 30 field components.
The parameters are set to d2 = −1, nc = 30, Jn = 2n, with the
initial condition En(τ = 0) = δn10. Figure 2(a)-(e) shows the
evolution for field components |En|2 under different nonlinear
strengths g = 0, 1, 2, 5, 10, respectively. When there is no
nonlinearity in the model (g = 0), the system exhibits peri-
odic dynamics due to the dispersion-induced artificial bound-
aries in the frequency domain [59] (Figure 2(a)). However,
once the nonlinearity is introduced, as shown in Figure 2(b)-
(e), it significantly affects the evolution, leading the system to
enter the chaotic regime (Figure 2(e)), after a transient phase

Figure 1 (Color online) (a) Illustration of non-reciprocal coupling between
nearby frequency components with Jn ∝ n. (b) Energy level diagram depict-
ing FWM.
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Figure 2 (Color online) Temporal evolution of the field component |En |2
at different nonlinear strengths: (a) g = 0, (b) g = 1, (c) g = 2, (d) g = 5, and
(e) g = 10. The region between the green dashed lines in (b) and (c) marks
the formation of chaotic bursts. The inset shows the field evolution with
τ ∈[0,10]. The chaotic bursts are indicated by the lightbule background. (f)
Maximal LEs as a function of g.

[15, 52]. One can note that for larger g, the transient phase
fades out quicker, with more components getting faster ex-
cited. Here we demonstrate that chaotic states can emerge
in a nonlinear NLSE with artificially added non-reciprocal
couplings, a behavior strictly prohibited in systems governed
solely by eq. (1), which is conservative and integrable. This
mechanism of chaos generation distinctly differs from con-
ventional damped-and-driven schemes [47], and the distribu-
tion of field components is asymmetric due to the inversion
symmetry breaking of the model.

To verify the occurrence of chaos in Figure 2(a)-(e) and
quantify the chaos under different parameters, we calculate
the maximal LE, defined as [15]:

λmax = lim
τ→∞

lim
|δE|→0

1
τ

ln
|δE(τ)|
|δE| , (3)

where δE is an infinitesimal initial displacement from E(0),
and δE(τ) is its evolved displacement at time τ. The maxi-
mal LE serves as a quantitative indicator of chaotic dynam-
ics, with positive values (λmax > 0) signifying exponential
divergence of nearby trajectories. The growth rate of this
divergence scales with λmax. As shown in Figure 2(f), the
monotonic increase of λmax with the increasing g is consis-
tent with the tendency of chaos observed in Figure 2(a)-(e).
Moreover, the positive maximal LEs verify that our model
reaches the chaotic regime.

We now identify the specific pathway from ordered to
chaotic dynamics in our system. At weak nonlinearity (g =
1, 2), distinct bursts in Figure 2(b) and (c) intermittently dis-
rupt the otherwise periodic evolution (Figure 2(a)), while
stronger nonlinearity (g = 10) shows no such bursts, indicat-
ing a fully developed chaotic state (Figure 2(e)). To quan-
titatively characterize this pathway, we calculate the local
LEs, defined as: λlocal = limτ→0 lim|δE|→0

1
τ

ln(|δE(τ)|/|δE|),
and plot results in Figure 3. Our numerical results reveal
a clear correlation: positive local LEs correspond precisely
to the formation of the observed chaotic bursts, while the
negative values indicate relaxation from bursts back to pe-
riodic evolution, as illustrated in Figure 3(b) and (c). More-
over, the inset of Figure 2(b) shows an alternating pattern be-
tween chaotic bursts and periodic motion, where the chaotic
bursts are indicated by the lightbule regions, and they corre-
spond to the peaks of local LEs in the inset of Figure 3(b).
As the nonlinear strength g increases to 5, these bursts be-
come more frequent until the system reaches full chaos, ev-
idenced by predominantly positive local LEs (Figure 3(d)).
This progression—from periodic behavior to fully devel-
oped chaos through intermittent bursts—indicates the inter-
mittency route to chaos in our model.

Now, we give a realistic experimental platform that can
support the construction of an NLSE with non-reciprocal
couplings. We consider a CRS process [53-56], where a pair
of pump pulses with the frequency difference Ω two-photon
near-resonantly excite the molecular coherence in a Raman-
active medium, and then a probe pulse is injected to interact
with the coherence. During the propagation of the probe,
equally spaced Raman sidebands across the spectrum can be

Figure 3 (Color online) Local LEs for (a) g = 0, (b) g = 1, (c) g = 2, and
(d) g = 10. The green dashed lines mark the time intervals where the local
LEs become positive, indicating the bursts observed in Figure 2(b) and (c)
are chaotic. The inset of Figure 2(b) shows an alternating pattern between
chaotic bursts and periodic motion, where the chaotic bursts are indicated by
the lightbule regions, and they correspond to the peaks of local LEs in the
inset of Figure 3(b).
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generated. The wave equations for the decomposed Raman
sidebands in the probe can be written as [55]:

−i
∂En

∂τ
=d2(n − nc)2En + Jn(En−1 + En+1)

+ gn

∑
m,p

E∗mEpEm+n−p, (4)

where τ ≡ z/zc is still dimensionless, where zc represents
a characteristic distance. En is the electric field of the n-th
sideband at frequency ωn ≡ nΩ for the simplicity.

Under typical experimental conditions in CRS, the group
velocity dispersion can naturally make significant influence
if we consider the solid Raman-active medium [56], which
gives the term with d2 in eq. (4). For the coherent Raman pro-
cess, the hopping from the (n+1)-th sideband to the n-th side-
band is determined by: Jn = ωnl0|ϱab|zc = nΩl0|ϱab|zc ≡ nJ1,
and the reverse hopping is Jn+1 = ωn+1l0|ϱab|zc ≡ (n + 1)J1

[55], where ϱab is the molecular coherence and l0 is the transi-
tion coefficient of the two-photon molecular transition for all
frequency components under the far-detuning approximation
[53]. The last term in eq. (4) accounts for the FWM process
of the probe sidebands, where gn = ωnnNLIinzc/(2πAeffc) =
nΩnNLIinzc/(2πAeffc) ≡ ng1 [60]. Here, nNL is the nonlinear
refractive index across the spectrum of interest, Iin is the in-
put power, Aeff is the effective pulse area, and c is the speed of
light in vacuum. We clarify here that for the Raman sideband
generations with visible or ultraviolet pulses, the frequency
spacing Ω is typically on the order of 10-100 THz [61-63],
which is non-negligible for any frequency-dependent param-
eters such as Jn and gn.

Eq. (4) is similar to eq. (2) in the manner of its nonre-
ciprocal NLSE. The difference is that gn in the last term is
n-dependent in eq. (4). We find that the chaotic state gov-
erned by eq. (4) also exhibits the intermittency route to chaos
under the same initial conditions, as observed from eq. (2).
Nevertheless, the difference between the two equations on
the n-dependent nonlinearity gn in eq. (4) brings two addi-
tional important features: the asymmetric localization of co-
variant Lyapunov vectors (CLVs) [64] and the generation of
spatiotemporal chaos [27].

To characterize the CLV feature, we numerically compute
the localization properties. δE (τ) ≡ (δE1, ..., δEn, ..., δEN)T ∈
R2N , representing a small perturbation around E(τ), where
δEn labels the complex perturbation amplitude of the n-th
sideband, with normalization |δE (τ)| = 1 maintained. Here,
δE (τ) corresponds to the maximal LE and indicates the local
direction along which the perturbation vector grows at the
highest exponential rate [65]. To quantitatively study CLVs,
we calculate the group localization index ρn, defined as [65]:

ρn = N
|Re(δEn)|2 + |Im(δEn)|2∑
n |Re(δEn)|2 + |Im(δEn)|2 . (5)

A large value of ρn indicates stronger CLV localization on
the nth sideband, i.e., a perturbation of the field component
on this sideband can grow faster, implying a higher pertur-
bation sensitivity. Conversely, a small value of ρn implies
weaker localization, and hence lower perturbation sensitiv-
ity. In Figure 4, we plot ρn using results simulated from
eqs. (2) and (4) respectively, and the normalized averaged
intensities Iave(n) ≡ limτ0→∞

∫ τ0

0 |En|2dτ/τ0. One can see
that ρn in two cases is different in higher sidebands, and in
particular, in Figure 4(b), ρn scales differently from Iave for
n > 5. This mismatch reveals that the CLV localization is
not solely governed by sideband intensity but indicates an
intrinsic asymmetry induced higher-order sideband localiza-
tion. This effect arises from the linear dependence of non-
linearity gn = ng1, which amplifies the sensitivity of per-
turbations in higher-frequency sidebands. Such behavior is
reminiscent of chimera states [65], where CLVs are more lo-
calized for certain oscillators despite global coupling. There-
fore, the asymmetric CLV localization implies chimeralike
dynamics across globally coupled sidebands, with different
perturbation sensitivity.

To see the feature of spatiotemporal chaos, we need to in-
troduce cross correlation function [25]:

c(n1, n2) = lim
τ0→∞

∫ τ0
0 En1 (τ)En2

(τ)dτ√∫ τ0

0 |En1 (τ)|2dτ
∫ τ0

0 |En2
(τ)|2dτ

(6)

to quantitatively characterize the correlation between the
sidebands (n1, n2), n1, n2 ∈ N∗. In Figure 5(a) and (b), we
perform simulations on eq. (4) with Jn = 10gn to find En(τ)
and then plot the correlation matrix |c(n1, n2)|. One can see
that a considerable degree of correlation remains between
neighboring sidebands due to significant mutual dependence
on adjacent sidebands from the strong non-reciprocal cou-
pling Jn. This corresponds to low-dimensional chaos [57].
In contrast, when we apply simulations with Jn = gn, and
plot results in Figure 5(c) and (d), one sees that the sidebands
exhibit negligible correlation with others, indicating the sig-
nature of spatiotemporal chaos [27]. Furthermore, the large
frequency spacing inherent to the CRS process ensures that

Figure 4 (Color online) The averaged intensities for each sideband along
the evolution (red), group localization index ρn (blue) corresponds to the
maximal LEs for (a) simulation results of eq. (2), (b) simulation results of
eq. (4) with gn = n.
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Figure 5 (Color online) Correlation in the frequency domain. Correlation
between sidebands for (a) Jn = 10gn and (c) Jn = gn; (b) and (d) show
cross-sections along the dashed lines in (a) and (c), respectively.

these mutually uncorrelated sidebands can be individually
addressed. Such a property in spatiotemporal chaos can be
possibly beneficial for light detection and ranging (LiDAR)
systems [26, 27], as it enables simultaneous ranging without
self-interference, and hence enhances the potential for paral-
lel detection.

3 Discussions and conclusion

The dimensionless framework adopted in eq. (4) corresponds
to an experimentally attainable regime. A plausible imple-
mentation could consist of the following: a commercially
available pulsed laser system delivering peak power Im ∼ 106

W focused to an effective mode area Aeff ∼ 10−3 mm2; a non-
linear medium such as GaP, silicon, or GaN [63, 66, 67] with
a nonlinear refractive index nNL ∼ 10−11 mm2/W. The fre-
quency detuning Ω can be taken as ∼ 30 THz, which is com-
parable to the Raman shifts of Raman-active materials [68].
Then one can use a probe field with its wavelength near 1 µm,
consistent with the initial condition 10 Ω used in simulations
and two pumps with wavelengths around 300 nm. The char-
acteristic length is chosen as zc ∼ 1 cm, leading to a physical
Raman sample length of approximately 5 cm. Other realis-
tic parameters include a group velocity dispersion (GVD) ∼
−10−24 s2/m [63], a molecular density N ∼ 1028 /m3 [69], a
pre-established coherence |ϱab| ∼ 0.5 [54], and a dipole mo-
ment d0 ∼ 5 × 10−8 [55].

When we derive eq. (4), we take several reasonable ap-
proximations. The first one is the slowly varying envelope
approximation for the spatial dependence, that is, we assume
that the variation of E in time and space occurs only over dis-
tances much larger than an optical wavelength. We also as-
sume that the probe pulse interacts with the molecular coher-
ence pre-prepared by the pump pulses, neglecting any change
in coherence during the probe pulse. This simplification is
valid if the probe pulse is sufficiently short, such that the
molecular state remains largely unchanged. The nonlinear

strength for the FWM of Raman sidebands is drastically sim-
plified, where we neglect the frequency dependence of the
effective pulse area and nonlinear refractive index. In sim-
ulations of eq. (4), we set d2 = −1 for n < 30 and d2 = 4
for other components. This approximation is made to ensure
the anomalous dispersion in the frequency regime of inter-
est. Our model may also be potentially realized in an opti-
cal ring resonator including the Kerr nonlinearity, where the
non-reciprocal coupling between frequency components can
be achieved by resonantly modulating the ring with both am-
plitude and phase modulators [70].

The chaotic state generation from eq. (4) can be gener-
alized to other fiber or waveguide-based optical platforms
[71-73]. The universal requirements for implementing eq. (4)
are anomalous dispersion, non-reciprocal coupling, and
frequency-dependent nonlinear strength. Anomalous disper-
sion is readily available in standard optical fibers within spe-
cific wavelength ranges [74], and can be obtained through
waveguide geometry engineering [63]. Non-reciprocal cou-
pling has been demonstrated in systems such as synthetic
photonic lattices with gauge fields [70, 75]. Frequency-
dependent nonlinear strength can be achieved through engi-
neered modal confinement. For instance, in waveguides, the
effective modal area can vary significantly with frequency
[76], enabling substantial gn variation even for small fre-
quency separations.

In summary, we study optical chaos generated in an NLSE
with inversion symmetry breaking that is induced by non-
reciprocal coupling. Moreover, our work establishes a link
between the long-studied field of chaos and the emerging
concept of non-reciprocal coupling, or more broadly, non-
Hermitian physics. The route to chaos is identified as the in-
termittency route. Moreover, we show that both chimeralike
chaotic states and spatiotemporal chaos can emerge in our
model, which can be possibly realized in the CRS process.
Unlike previous works focusing on chaos in damped and
driven NLSE [26-31], our approach introduces the distinctly
asymmetric pattern, and also the transition between low-
dimensional chaos and spatiotemporal chaos in the chaotic
light generation, which holds promise for a variety of ap-
plications, including secure communications [37-39], optical
computing [45, 46], random number generation [40-43, 77],
and LiDAR [26, 27].
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2 J. Barrow-Green, Poincaré and the Three Body Problem. Providence:
American Mathematical Soc. (1997).

3 P. Kos, M. Ljubotina, and T. Prosen, Phys. Rev. X 8, 021062 (2018).
4 B. Kobrin, Z. Yang, G. D. Kahanamoku-Meyer, C. T. Olund, J. E.

Moore, D. Stanford, and N. Y. Yao, Phys. Rev. Lett. 126, 030602
(2021).

5 A. Frisch, M. Mark, K. Aikawa, F. Ferlaino, J. L. Bohn, C. Makrides,
A. Petrov, and S. Kotochigova, Nature 507, 475 (2014).
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